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Abstract

Universal Bayesian sequence predictors like Context Tree Weighting (CTW)
offer strong asymptotic convergence guarantees but remain vulnerable to
structural misspecification and finite-sample miscalibration issues when de-
ployed in complex, non-stationary environments. This paper introduces an
online monitoring framework for Bayesian sequence prediction in the form
of a suite of test martingales designed to continuously audit CTW and re-
lated methods. The martingales are constructed using betting functions on
prequential and conformal p-values, including a universal betting function
based on the Transformer architecture. We show that this approach can
effectively isolate diverse failure modes in CTW, including static marginal
errors and hidden temporal dependencies. Further, we provide an active
recalibration mechanism for CTW that can dynamically respond to mar-
tingale alerts.

1 Introduction

Bayesian mixture estimators are known to be optimal for a wide range of learning problems.
In sequential prediction, the Solomonoff prediction scheme [37, 38], which uses a Bayesian
mixture over all Turing machines weighted by their description length, has been shown to
converge rapidly to any true computable environment. A related but less well-known result
concering probabilistic logics [10, 18] is that mixtures over the possible interpretations of a
theory in higher-order logic allow Bayesian inductive reasoning and learning in the limit. In
particular, this approach enables the confirmation of universally quantified hypothesis—a
notorious problem in confirmation theory [32].

In game theory, the celebrated result of Kalai and Lehrer [20] shows that a group of agents
will converge to an e-Nash equilibrium in repeated games, provided that they (1) use
Bayesian mixture and updating to track other agents’ strategies, and (2) produce a best-
response policy to that mixture. This convergence holds as long as there is a “grain of truth”
in their beliefs; i.e., the true strategy profile of the opponents is assigned a non-zero prior
probability. Both the Solomonoff and game-theoretic results have since been extended to the
general reinforcement learning (GRL) setting and the multi-agent setting [16, 19, 22, 24].

The condition for success in each of the cases above is that the true unknown environment
the Bayesian mixture estimator is “trying to learn” is in the model class and is assigned
a non-zero prior probability. If this condition is violated we say the model is misspecified;
under such circumstances Bayesian mixture estimation can exhibit problematic and patho-
logical behaviour [15, 39]. This is not an issue for the aforementioned idealised Bayesian
mixture estimators, precisely because they range over maximally extensive model classes for
their respective problem settings; however, this in turn makes them impractical. These in-
computable estimators must be approximated using restricted model classes, which is where
an algorithm’s ability to handle model misspecification becomes a key design consideration.

Preprint.



901 == 03 900 == 05

Figure 1: An example prediction suffix tree

In this paper, we study how sequential test martingales [7, 48] can be used to detect and
quantify model misspecification when using Bayesian mixture estimators for online sequence
prediction; a foundational setting underpinning the multi-agent GRL framework. We now
list the technical contributions of the paper.

1. We introduce a suite of test martingales that provide online monitoring and isola-
tion of model misspecification in CTW [51]. These methods belong to the class of
universal Bayesian sequence predictors for n-order Markov processes.

2. In constructing the null hypotheses for these test martingales, we apply the ran-
domised probability integral transform theorem (PIT) on confidence-ordered cate-
gorical variables to construct efficiently computable prequential and conformal p-
values for CTW. The randomised ranked PIT is a straightforward application of
ideas in [36, 6, 47] but appears not to have been previously published.

3. We also introduce a universal test martingale that adaptively constructs betting
functions based on transformers [40] trained on p-values and raw input data.

4. Finally, we introduce a new adaptive CTW algorithm that can adjust the model
parameters whenever a model misspecification issue is detected.

Related Work The design of our sequential testing procedure builds on several well-
established lines of research: the e-values and safe testing framework [50, 27, 31], conformal e-
testing [47], prequential probability [7], Bayesian mixture estimators for sequence prediction
in general reinforcement learning [37, 51, 43], and the recently demonstrated universality of
transformer neural networks [26, 13]. A theoretical treatment of the relationship between
e-values, hypothesis testing, and Bayesian learning can be found in [29]. Building on this
body of work, we focus on designing efficient sequential testing procedures for Bayesian
sequence prediction that address the explainability and robustness requirements inherent in
high-risk AT applications. Our intentions are similar to that of Podkopaev and Ramdas in
[28]; but we go beyond distribution shifts.

Paper Organisation The remainder of this paper is organised as follows. §2 provides
an brief exposition of the CTW algorithm and its extensions. §3 describes the sequential
hypothesis testing protocol, in the form of test martingales on e-values [50]. In §4 we describe
a new dynamic CTW algorithm. §5 outlines our experimental results. This is followed by a
discussion and concluding remarks in §6. Technical proofs are deferred to the appendix.

2 Context Tree Weighting and Related Methods

CTW is an online Bayesian model averaging scheme that computes a probability, at each
time step ¢:

P(aye) =) Plar | M)P(M), (1)
M

where z1.; is the observed binary sequence, M is a prediction suffix tree, P(M) is the prior
probability of M. The summation is taken over the set of all prediction suffix trees of
bounded depth D—a large class covering all D-order Markov processes. While a naive

computation of 1 would require O(22D) time, under the CTW algorithm this is O(D).

Definition 1. A prediction suffix tree (PST) is a pair (M, ©), where M is a binary tree,
and associated with each leaf node [ in M is a Bernoulli distribution parametrised by 6; € ©.



A prediction suffix tree (M,©) maps each binary string z1.,—where ¢ is greater than or
equal to the depth of M-—to the probability distribution 6ys(s,,,), where M (1) denotes
the leaf node of M reached by traversing the tree using x1.; in reverse order. The intended
meaning is that /., ,) is the probability that the next bit following z1.; is 1. For example,
the PST in Fig. 1 maps the string 0110 to 0570110y = 0o1 = 0.3, which means the next bit
after 0110 is 1 with probability 0.3.

In the CTW algorithm, the Bernoulli parameter at each node of a PST is learned from data

using the Krichevsky-Trofimov Estimator [21]. Given a binary string z1.; with a zeros and
b ones, the KT estimate of the probability of the next symbol is as follows:
b+1/2
Pxr(Xep1 =1 4) = — 2
KT (Xit1 | 21.¢) atb+1 (2)
Prr(Xip1 =0 21:4) =1 = Per(Xep1 = 1| 2124). (3)

The KT estimator is obtained via a Bayesian analysis by placing a Jeffreys prior on the
unkown parameter 6 € [0, 1] of a Bernoulli process. The KT estimator is known to converge

to the true Bernoulli distribution Py at a rate of KL(Py || Pxr) = O(lngt).

The CTW algorithm operates on a context tree data structure. A context tree is a perfect
binary tree of depth D such that attached to each node (both internal and leaf) is a prob-
ability distribution over the finite binary strings, denoted {0,1}*; these distributions are
estimated from the data using KT estimators. At each time step ¢, the CTW probability is
computed recursively at each node s in the context tree using the update rule

PKT(xM‘S) if s is a leaf node
Pi(x14) = , . 4
w(@1:t) {éPKT(xLﬂS) + %Hie{o,l} P (x1.4)  otherwise, (4)

where 1., is the substring of 1., identified with node s. Thus the computation starts
at the leaf nodes of the context tree and finishes at the root node. A key result of [51] is
that the probability P (z1.+) computed at the root node € of the context tree satisfies 1.
Consequently, the predictive distribution for the next bit z;, is given by:

P(xl't) P¢ (.’E]<t>
Pz | x1:4-1) = = 5
(e | 1:-1) P(r14-1)  Pg(z1:0-1) %)
Theorem 1. [51] Let P* be a stationary tree-source distribution with suffix set S, and

let Q; denote the CTW predictive distribution at time ¢. For a sequence of length T, the
average expected KL divergence is bounded by:

T
1 1S|log T 2|5] —1
=3 EKL(P* < :

As t — 00, the average expected KL divergence goes to 0 at a rate dominated by the first

term on the RHS i.e., O( lof t). Note how the CTW convergence result mirrors the Solomonoff

Induction convergence result, but with the additional cost of using the KT estimator to learn
the Bernoulli distributions at each leaf node.

CTW has been extended in various ways to compute the Bayesian mixture for larger model
classes, including for non-stationary environments [44, 412] and arbitrary alphabets [11].
Variations of this algorithm have been used successfully to approximate GRL agents such
as AIXT [19, 43, 53, 25], including in a human-machine teaming setup that allows the
model class to be adjusted dynamically at run time by a human operator using domain
knowledge [52].

3 Prequential and Conformal Test Martingales

In our setup, we use a CTW of depth D to learn an environment assumed to be a stationary
n-order Markov process. If the true environment is misspecified (e.g., if it is non-stationary,
possesses Markov dependencies longer than D, or follows a structure that cannot be captured
by a prediction suffix tree) then the CTW model is considered misspecified. To detect



this, we begin by assuming the null hypothesis Hy, which posits that the CTW predictive
probabilities are correct at every time step. We then employ test martingales (sequential
betting strategies) to look for systematic deviations. A sequential betting strategy will
“win” against Hj in proportion to the degree of misspecification; in some cases, this allows
us to diagnose the specific form of misspecification the CTW is exhibiting.

3.1 The Testing Protocol

Computing prequential and conformal p-values The testing protocol begins with
the computation of prequential and conformal p-values. At time ¢, given the history
h<t = x1.t—1, we compute on the basis of the newly observed symbol x; a randomised pre-
quential p-value (or u-variable [(]), based on the CTW predictive distribution (5):

U = Z P(a | h<t) + 7 P(l't | h<t)7 (6)
a:P(alh<t)<P(zt|h<t)

where 7, ~ U(0,1) is sampled from the uniform distribution on the interval [0,1]. The
value u; can be interpreted as a form of Rosenblatt Transformation [33]—a cornerstone
technique for checking the calibration of probability forecasts [12]. If the CTW model is
correctly specified, then the resulting sequence of u-variables is independent and identically
distributed (iid) according to the uniform distribution U(0, 1), as shown in Proposition 2 in
Appendix A.

Using a nonconformity score function «; = «(u;), we then compute a conformal p-value
using the standard rank-in-history with randomised tie-breaking formula

ety > ad| b i e (Lt = ay
Pt = t ) (7)

where 7 ~ U(0, 1) and p; is basically the proportion of past nonconformity scores that are at
least as large as the last value a; for z;. Given the u1.; sequence is independent and uniformly
distributed by Proposition 2, the a;.; sequence is thus exchangeable, which then implies the
conformal p-values p;.; are independent and uniformly distributed by Proposition 3.

Converting to e-values To transform these p-values into so-called e-values [50] that can
be used as a test for model misspecification, we employ a betting function e; = f(us; u<t),
where the input to f can be either the prequential p-values (6) or the conformal p-values
(7). The primary requirement for the betting function f is that under the null hypothesis

it satisfy
1

E[f(us;uc)] = [ flugucy)duy = 1. (8)

0
Note that, by Proposition 2, the u; variable is uniformly distributed in [0, 1]. This function is
designed to increase in magnitude if the values u1, us, ... are not independent and uniformly

distributed. A common choice of the betting function that tests for the uniformity of each
uy is the memoryless Power (sometimes Linear) gambler:

Flue) = rug ™ (9)
where k € (0,1) or K > 1 depending on what kind of misspecification we suspect e.g., over-
dispersed vs under-dispersed. A simple betting function that tests for the independence of
the u; values is the autocorrelation function

glugsuct) =14+ M ug — 0.5)(ug—s — 0.5) (10)

where A € (0,4) and s is a positive integer. The betting function “wins” when there is a
positive correlation between u; and u;_s. The design of betting functions is studied in more
detail in § 3.2, where we also propose a universal betting function based on Transformers [40].

The e-martingale update We track the evidence against the model using two e-
martingales M} and MP defined as the running product of our e-values:

n n
MY =[] £ uzr) M2 =TT g9(piu<)
t=1

t=1



here f and ¢ are appropriately chosen betting functions. To see that M is a martingale
under the null hypothesis that the CTW is learning the true underlying distribution, we
observe that by Proposition 2 and Equation 8

E[My [ucn] = E[My_; - f(un;ucn) | ucn] = My_q - E[f (un;ucn)] = My_;.

A similar argument can be used to show that MP is a martingale under the null hypothesis
that the sequence «y., is exchangeable.

Decision rule and diagnostics As we have seen, under the null hypotheses, the expected

value of both M and M? is 1. By Ville’s Inequality [3, 23], for i € {u,p}, for any a > 0
. E[M} 1
P(supM%Za) < [Mi] = -,
n>0 a a

Note that the Ville Inequality is an anytime property that bounds the probability that the
martingale process ever crosses a certain threshold, regardless of how long it runs. So, for
example, if M > 20, then we have strong evidence (at the a = 0.05 confidence level) that
the CTW model is misspecified. In § 4.1, we will look at how we can use multiple test
martingales to diagnose and, in some cases, isolate exact misspecification issues in CTW.

3.2 The Design of Betting Functions

The power of these test martingales depends on the design of betting functions capa-
ble of exploiting structural regularities in the p-values that arise when the null hypothe-
sis—independence and uniformity—is violated. We have seen the Power gambler and auto-
correlation betting functions in § 3.1. Betting functions based on Poisson distributions are
also possible [17]. Since any convex combination of betting functions is itself a valid betting
function [50], a robust practical strategy is to aggregate a diverse ensemble of functions to
ensure the testing algorithm can detect a wide range of misspecifications.

Learning Betting Functions

Betting functions can be learned adaptively from data rather than remaining fixed. For
instance, it has been demonstrated [35] that a sequence of betting functions can be learned
as witness functions for the Kernel Maximum Mean Discrepancy metric [14], measuring the
distance between the observed sequence and a hypothetical iid process. Alternatively, pro-
posals [27] include an adaptive strategy utilising Reverse Information Projection to select a
distribution that minimizes the KL divergence from the observed data, effectively optimizing
the betting performance against the null.

A Universal Betting Function

Motivated by the practical success of transformers [10], their universality [26], and recent
results showing they can learn in context through mechanisms like Bayesian model averaging
[11, 55], and gradient descent [45, 1, 54] a variety of statistical learning algorithms [3, 13];
we propose in this paper the use of transformers to learn a sequence of betting functions.

To construct the betting functions, a transformer is trained sequentially on the conformal
p-values u; produced by the CTW. At every time step, the transformer outputs a ppe; =
P(u; > 0.5 | u1.4—1) that predicts whether u; will land in [0,0.5] or (0.5,1]. The betting
function used is given by

2. DPbet Up > 0.5
- 11
) {2(1 — Phet) Otherwise, (11)

which integrates to 1 as required. To see the rationale behind (11), note that we simply
divide the interval [0, 1] into two halves By = [0,0.5] and By = (0.5, 1] and compute the Kelly
criterion ratio of the probabilities of u; falling into one of By or By under the alternative
hypothesis (the transformer) and the null hypothesis. Thus, if u; < 0.5, then the ratio is

P(u; € By) under transformer model 1 — ppes
f(Ut) = . = = 2(1 *Pbet)
P(uy € By) under null hypothesis u; ~ UJ0, 1] 0.5




This can be generalised to the case where we divide [0, 1] into K > 2 equally-sized intervals.

More generally and in keeping with the shift [34] to the design of betting functions that do
not rely on p-values, we can use a transformer to learn from the same input data sequence
given to CTW and adopt the following betting function derived from the Kelly criterion:

_ Qt(l”t | h<t)

k(xt) = Pi(zt | h<t)7

where x; is the observed symbol at time ¢, hoy = x1.4_1, Q¢ is the transformer model
learned from h.;, and P; is the CTW model learned from h.;. Under the null hypothesis
that P; is the true model, we have Ep k(z;) = 1 as required and the martingale capital
will flatline over time. However, if the transformer model is more accurate than the CTW
model, it will assign higher probabilities to events that actually occur and the martingale will
grow. Depending on the specific Transformer learning objective adopted, attention maps
[5] and other mechanistic interpretability techniques [4] can serve as diagnostic tools. These
methods help elucidate the underlying features that enable a Transformer-based betting
function to successfully exploit the CTW model’s misspecifications.

4 A Monitoring and Dynamic Recalibration Algorithm for CTW

The analysis in Appendix A.4 shows if the underlying environment is an n-markov process,
then there are only two possible sources of model misspecification in CTW. These are: (1)
Insufficient model depth, and (2) Distribution shift. § 4.1 shows how each of these issues
can be precisely detected via the use of one or more martingales. In § 4.2, we move from
mere detection of misspecification to active calibration.

4.1 A Suite of Test Martingales for CTW

In general, the prequential martingale with a sufficiently powerful betting function faces
a confounding problem: it tests a compound joint null hypothesis, Hy, which posits that
there is no distribution shift and that the predictive CTW model perfectly captures the true
underlying data-generating process.

If the test martingale M exhibits exponential growth, we can reject Hy. The issue is that
the negation of Hy has three possibilities that the prequential martingale cannot distinguish
between these scenarios: (1) there is a distribution shift in the underlying environment; (2)
the CTW model does not capture the true underlying environment; and lastly both (1) and
(2) hold. We now look at how we can run multiple test martingales in parallel and use their
combined behaviour to diagnose issues in a CTW model.

Isolating Distribution Shifts We first note that, unlike general black-box machine
learning models that can exhibit different forms of (hard-to-control) statistical biases, the
structure and in-built calibration features of CTW allows us to isolate distribution shift
using the prequential martingale with the (memoryless) power gambler betting function,
as shown in Proposition 4 in Appendix A.2. The result implies that, after an appropri-
ate burn-in period, a prequential martingale with the power gambling function will not be
able to detect model specification issues in a CTW related to either wrong marginals or
wrong conditionals as described in § A.4. If such a martingale starts “winning”, the only
explanation is that there is a distribution shift in the underlying environment.

Controlling False Positives In many practical scenarios, there is a need to minimise the
number of alerts to the system operator due to noise in the data owing to (non-structural)
statistical fluctuations in the underlying data-generating process. This issue can be ad-
dressed by running both prequential and conformal martingales with the same betting func-
tions in parallel. Proposition 5 in Appendix A.3 shows that the power of the prequential
martingale, as measured by the expected stepwise logarithmic growth of martingale score,
dominates that of a conformal martingale. The flipside of that result is that prequential
martingale can be too sensitive to non-structural noise fluctuations in the input data, but
the conformal martingale’s empirical rank normalisation will be robust against such noise.



Thus, using the two martingales together and allowing the system operator to set joint
thresholds for alerts can help in this scenario.

4.2 Active Recalibration

Algorithm 1 shows how we can use the suite of test martingales described in § 4.1 to actively
recalibrate a CTW as needed. The algorithm uses three martinagles: the prequential mar-
tingale using the power gambler betting function, denoted P; the prequential martingale
with transformer betting function, denoted T'; and the conformal martingale with trans-
former betting function, denoted C, together with user defined “confidence levels”, denoted
«, 3,7, for P, T,C respectively. If P > « then a distribution shift has been detected, and
the model if reinitialised. While if T > 8 and C' > = then an insufficiency in model depth
has been detected and the model depth is extended.

Algorithm 1 Active Recalibration with Martingale Detection

1: Input : «,5,7€N
2: Initialise : Cp—3, P, T, C

4: For each new observation x; :

5:  Cp.updateCTW(x;)

6: p; = p-value(Cp)

7. wu; = u-value(Cp)

8:  P.update-prod(u;) > Update running products
9:  T.update-prod(u;)

10: C.update-prod(p;)

122 If P>« Then Cp.reinitialise()
13:  Else if T'> g and C >+ Then Cp.extend(D + 1)

We now describe a number of possible optimisations to Algorithm 1. First of all, under
benign conditions, it is possible to extend the depth of CTW by more than 1. Algorithm
2 in Appendix B describes a principled way to do that, through an analysis of the CTW
model’s redundancy in the two regimes D < n and D > n, where D is the current CTW
depth and n is the order of the underlying n-markov process.

Secondly, an obvious deficiency of the algorithm is the lack of any momentum parameter
that can prevent the models from being modified during re-training time. In the absence
of this burn-in rate, extensions and reinitialisaitons will occur before the model has been
exposed to a sample sufficient to have learned the distribution from.

Thirdly, instead of reinitialising every time a distribution shift is detected (P > «), the
algorithm could store the existing CTWs in a list to be retrieved when distribution shift
is detected. The idea being that for each distributrion an effective solution is saved, then
when distribution shift is detected these solutions are tested against the “new” source, only
when all past models fail is a new CTW initialised. Such a list of previous CTW models
can be maintained using the Hedge algorithm [9, 2] (see [52]).

Fourthly, the martingale threshold checks can be improved using the CUSUM or Shiryaev-
Roberts procedure [47, §8], which only triggers an alert when the difference in successive
martingale scores exceed a certain threshold. This helps to minimise false alarms.

In addition to the above, we note that the techniques for protecting predictive systems,
and in particular the Composite Jumper predictor algorithm developed by Vovk et al. [49],
can by their general nature be adapted to our work. These methods would provide a so
called “insurance policy” for a trained CTW. These techniques help smooth the inevitable
awkward gaps between the change in distribution and its detection [19].

Finally, as suggested in § 3.2, it may be possible to run a transformer in parallel to a CTW
on an input stream; having this transformer learn the true depth of the environment. This
can save the substantial time lost via iterative deepening, which forces us to pass through
every depth between D and n, provided the transformer learn faster than the CTW.



Conditional and Marginal Martingales on Depth-3 CTW (20 Runs)
Faded lines: Individual runs | Bold lines: Average across 20 runs
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Figure 2: Scores for a conditional martingale and a marginal martingale when the context
depth is inadequate and there is a distribution shift at time step 200.

5 Experiments

A few experiments can be found in Appendix C showing how the test martingales respond
to three scenarios: (1) there is a distribution shift in the underlying environment; (2) the
underlying environment has some occasional non-structural noise fluctuations and there is
a distribution shift (robust detection is thus important here); and (3) a CTW’s depth is
inadequate. Here we look at two scenarios with more complexity. All experiments are run
on a single computer with an Apple M3 chip and 16 GB of RAM.

5.1 Distribution Shift and Inadequate Context Depth

In this experiment, the underlying environment starts by repeating a length-12 sequence like
110010111000 and then shifts to a new repeating pattern, which is the reverse of the length-
12 sequence, at time step 200. We use a depth-3 CTW to learn the environment, which
means we have both distribution shift as well as inadequate context depth in this experiment.
Figure 2 shows the result of using a prequential martingale with the autocorrelation betting
function (referred to as conditional martingale, coloured red) and a prequential martingale
with power gambler betting function (referred to as a marginal martingale, coloured blue)
to test the depth-3 CTW over 20 runs with different random-number generator seeds. Note
that the conditional martingale wins big but it cannot reliably detect the distribution shift
at time 200. In contrast, the marginal martingale successfully detects the distribution shift.
This experiment confirms the theoretical arguments in § 4.1.

5.2 A Universal Auditor

In the experiments described in Appendix C.3, we show how the autocorrelation betting
function can be used to detect a CTW’s depth is inadequate. A key issue with the use
of the autocorrelation betting function is that, as the order and temporal structure of the
underlying n-markov environment increases, there is a combinatorial explosion of auto-
correlation betting functions that must be tried. In this experiment, we show how the
Transformer-based betting function described in §3.2 can be used instead. The environ-
ment generates a data stream where the first 20 bits are randomly generated and, for i > 20,
T =T 4B Ti_13Px;_17, where & is the XOR operator. A depth-3 CTW is used to predict
the sequence. A transformer with context window of 20 is trained sequentially on the pre-
quential p-values produced by the CTW. Fig. 3 shows the result for this Transformer-based
martingale over 20 random runs. In most cases, the Transformer model found the XOR
pattern in the data after more than 1000 steps and was able to win consistently against the
CTW, which failed to learn the pattern given its limited depth. In practice, there may be a
need to tune the exact architecture of the Transformer network to achieve desired results.

The transformer’s representational power over CTW comes down to two key aspects: (1)
Feature Combination: instead of just looking at adjacent strings, attention heads can look at
non-contiguous patterns e.g., the 15, 5** and n'" tokens, and (2) Semantic Generalisation:
the embedding layer maps tokens into a continuous space, which allows the model to learn



Transformer-based Martingale (20 Runs)
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Figure 3: Scores for a martingale that uses a Transformer as the betting function

the semantic similarity between two different contexts. When we use the Transformer as
an auditor against the CTW, we are using the Transformer’s larger representational power
to find complex, non-contiguous, or semantic patterns within the context window that the
strict suffix-matching mechanism of the CTW responds slowly to. Once such patterns are
found by the transformer, one can use the generalised CTW [53, 52] to dynamically adjust
the feature functions used in the internal nodes of a context tree to speed up learning.

6 Discussion and Conclusion

In this paper, we have introduced a suite of test martingales to detect and correct model-
misspecification issues in CTW and related Bayesian mixture estimators for online sequence
prediction. The use of modern sequential hypothesis testing procedures to check the mod-
elling assumptions of Bayesian estimators seems to be a promising way of getting value
out of combining the Bayesian and frequentist approaches to probability. While the general
problem remains unsolved, our work consitutues a substantive step in this research program.

A key technique of our approach is the application of randomised ranked PIT to map—
under the null hypothesis—discrete predictive distributions into a sequence of independent
and uniformly distributed prequential and conformal p-values. We showed that by routing
these p-values through a range of betting functions, including adaptive Transformer-based
architectures, we can successfully isolate specific failure modes, such as static marginal
errors and hidden temporal dependencies in CTW. We note the interest in recent literature
[34, 30, 50] in e-values that can bypass the need for PITs. For the purposes of this paper,
we find it convenient to construct e-values via betting functions defined over PIT-based
p-values. This approach allows us to audit the CTW model for a broad class of potential
misspecifications without requiring a pre-specified alternative. However, when a specific
alternative hypothesis is available—such as a Transformer model trained on the same data—
it is more efficient to design the betting function directly to compare the two models. We
demonstrate how to construct such a function in § 3.2.

From an Al safety perspective, our results highlight that while universal predictors like CTW
possess strong asymptotic convergence guarantees, their finite-sample behaviour requires
active monitoring in high-risk or complex environments. The introduction of an adaptive
CTW algorithm that can recalibrate the model and optionally employ defensive forecasting
techniques upon martingale alerts also confers some agility and robustness when the true
environment deviates from the model class. The general observation here is that, in high-risk
AT applications, the problem is often in designing safeguards around a learning algorithm.
Further, in applications where explainability is a requirement, it is practical to use a non-
explainable neural network to audit an explainable model like CTW.

Future work will explore the application of our sequential testing framework in broader
reinforcement learning settings, especially in human-AI teaming setups that allow dynamic
knowledge injection [52]. Additionally, extending this framework to multi-agent scenarios—
where non-stationarity is driven by the shifting strategies of other agents—presents a com-
pelling avenue for integrating martingale-based testing into game-theoretic sequence predic-
tion.
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A Technical Notes

A.1 The iid Property of P-values

Variations of the following result have been known since at least [6, 30].

Proposition 2. If the CTW’s predictive distribution is the true data-generating distribu-
tion, then the randomised Rosenblatt transformation given by Equation (6), produces a
uniform distribution.

Proof. We first show, at every time step ¢ having observed history ho; = x1.:—1, we have
P(u; < z | het) = z for any z € [0,1]. Let X = {01,02,...,0n} be the observation space
and let p; = P(0; | h<;) denote the predicted probability of the symbol o; from the CTW
model. Assume without loss of generality that, for each i € (1,m — 1), we have p; < p;y1,
this may be achieved via a suitable permutation of the indices of X. Now, by the Law of
Total Probability, for all z € [0, 1], we have

Put <z | het) = ZP(ut < z | heto;)P(0; | het)

= Z Puy < z | heroi)p; + Z Puy < 2| heroi)pi + Pluy < 2 | heroi)piv,  (12)
i<it i>it
where i* € (1,m) is the (unique) index satisfying > ;.. pi < 2 < 32, 4q)Pi- We now
examine each term in (12). The first term in (12) simplifies to ), _,. p; because for each
i < i*, when conditioned on h.;o;, we have from (6)

ut:prLTt-piéijS ijsz
J<i J<i i<

so P(u; < z | heto;) = 1. By a similar reasoning, the second term in (12) evaluates to 0
because, for each i > i*, we have P(us > z | h<to;) = 1. Consider now the third term in
(12). We have

P(uy < z | hetoir) :P{Zpi‘FTt “pir < Z}

1<i*

p{ﬂ < Z_Ei<i*p1} _ 2= D i Di

Dix Di~
thus yielding P(u; < z | het0i+)pi= = 2=, ;« pi- Summing up all the terms, we now have
P(ut§z|h<t):ij+z—Zpi=z. (14)
i<i* i<i*
Chaining together (14), we can now show that wj.; is independently and uniformly dis-
tributed since, for all z.¢,
P(ur < zi,up <z, up < 2 | T1:4-1)

= P(uy < 21)P(ug < 25 | 1) -+ Plug < 20 | w1a1) = [[ 2. (15)

O

Remark 1. It is not hard to see that Proposition 2 does not depend on the specific prop-
erties of CTW in any way. In fact, the result would work for any blackbox model. This
means the conformal e-testing procedure described in Section 3.1 can be applied for essen-
tialy any blackbox model. Having said that, CTW is one of those algorithms where all the
computations required by Proposition 2 can be done exactly and efficiently, by virtue of (4)
and (5).

The following are two examples to give some intuition on what can happen to the u; values
when the premise of Proposition 2 does not hold.
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Example 1. Here is a scenario where the CTW model cannot represent the underlying
environment p. Suppose u(1 | h) = 1 whenever there is an even number of Os in the history
h, and p(1 | h) = 0.4 otherwise. The ratio of 1s to 0s in the resultant string will converge
to around 57% to 43%. Using a depth-0 CTW i.e., a KT estimator, we will thus have
Pi+(1 | h) = 0.57 whenever h has an even number of zero’s. To calculate u;, we sample an
x¢ from p(- | h), which yields z; = 1 with probability 1. This means the resultant u,; value
will always be in the range [0.43,1], so u; is definitely not uniformly distributed in [0, 1].

Example 2. Suppose the underlying environment p generates the data stream by first
repeating the string ‘10’ five times, then repeating the string ‘10010’ indefinitely thereafter.
Suppose the depth of the CTW is 2. In that scenario, for every time step ¢t > 10 where
(t—10)%5 =1, we have p(zy =1 | h) =1 and Popw (2 = 1 | h) at around 0.5 but strictly
larger than 0.5. This means all these u; values are in the range [0.5,1] and thus correlated.
In other words, they are not independent.

Proposition 3 ([17]). Let aq., be a sequence of non-conformity scores that is exchangeable.
Then the sequence of conformal p-values pi., computed from «1., using Formula (7) are
mutually independent and each p, is uniformly distributed in [0, 1].

A.2 The Isolating Power of Marginal Martingales

Here is the result that shows the ability of marginal prequential martingales to isolate
distribution shifts.

Proposition 4. Let the true environment be a stationary, ergodic K-markov process over
a finite alphabet X. Let the forecasting model be a CTW with maximum depth D, where
D < K, and let u; be the prequential p-values generated from the CTW model using (6).
As t — oo, we have E[b(u;)] converging to 1 at the rate of O(lotgt), where b() is the power
gambler betting function.

Proof. (Sketch) Given the environment is stationary and ergodic, there exists a stationary
distribution 7k () for any sequence r of length K, which can be used to define a stationary
distribution 7, (s) for any string s of length m < K via marginalisation as follows

T (8) = Z TK(sa).

acXK-m
For any specific context s of length m < D, there is then a true conditional probability for
the next symbol given by
Tm+1(5T)
T (8)

Let Q:(- | s) be the KT estimator located at node s in the contex tree at time ¢. By the
convergence property of the KT estimator, we have Q:(z | s) — Pr(z | s) at the rate of

O(FE).

Now, for any specific context s of length m = D, the CTW predictive distribution at time
t is given by

P.(z|s)=

QF (x]s)= Y w(T)Qf (x]s),
TeTp
where Tp is the set of all predictive suffix trees (PSTs) of depth at most D, w(T) is the
posterior probability assigned to T given all the data seen so far, and Q7 (z | s) is the
prediction made by T', which maps s to the leaf node T'(s) in 7" matching its suffix. By the
Shannon-McMillan-Breiman Theorem for stationary ergodic processes and the convergence
property of CTW, we have

QY (x| s) = Qf (x| ) = Pe(ax| T%(s)) = Pr(x | 5)
at the rate of O(‘Tﬂ%)7 where T* € Tp is the depth D PST with the smallest KL

divergence from the true unknown K-markov environment satisfying the property w;(7%) —
1, and |T*| denotes the number of leaf nodes in T*.
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Having established the convergence characteristics of the CTW model, we next look at the
statistical property of the conformal p-values generated from the CTW. At time ¢, given a
specific context s; and a true observed symbol x, the value u; is sampled uniformly from an
interval Interval(z | s;) of width Q}V (2 | s;). Therefore, the conditional probability density
function of u¢, given both the context s; and the symbol x, is:

1
Density(u; | z, 8¢) = ————I(u; € Interval(z | s¢)),
QY (x| st)
where I is the indicator function. To find the probability density of u; given only the context
s¢, we sum over all possible symbols, weighted by their true probability of occurring in that
context:

flu|s) = Z P.(z | s¢) - Density(u | z, s¢) (16)
zeX
1
B zezxpﬂ(x [50) <QtW(93|8t)> I(u € Interval(z | s)). (17)

Substituting the CTW convergence property (Q}V — Py) into Equation (17) yields

flu|s) — Z I(u € Interval(x | s¢)) = 1,
zeX

where the last step follows from the fact that the intervals form a partition of [0, 1] so each
u will fall into exactly one interval. To find the unconditional marginal density g(u) across
all time steps, we marginalise over all possible contexts as follows

g(u)= > w(s)f(u]s).

sexpb

Since f(u | s) — 1 for every possible context s, we have

g(u) — Z 7(s) x1=1.

sexp

Since the power gambler betting function b(u;) = kuf ™' does not look at the context s;, its
expected value can be obtained from the density g(u) = 1:

E[b(ut)] :/0 wup tdu = 1.

Because the expected value of the bet is 1 (after the CTW model has converged), the
martingale property holds, and the test will not exponentially diverge beyond that point. [

We have shown that the marginal prequential martingale is blind to inadequate context
depth. It will only be triggered if the true environment shifts, breaking the stationary
probabilities and causing the KT estimators in the CTW model to suddenly fail and become
uncalibrated.

A.3 The Relative Power of Different Test Martingales

In sequential testing, the power of a test martingale is given by the Kelly criterion, which is
the expected log-growth rate of the martingale. Under the alternative hypothesis Hy, the
most powerful test martingale is the one that maximises the expected stepwise logarithmic
accumulation of wealth:

W = Ep, [log fi(X4)]
A martingale with a higher expected log-growth rate will cross any rejection threshold (e.g.,
1/a) exponentially faster, requiring fewer samples to confidently detect the misspecification.

Proposition 5. If the underlying environment exhibits temporal dependence such that the
prequential p-values u; generated by a forecasting model is stationary but non-independent,
then the optimal expected log-growth rate of a prequential test martingale strictly dominates
the optimal expected log-growth rate of a conformal test martingale.
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Proof. (Sketch) Let the base forecasting model generate a sequence of prequential variables
U = (uy,us,...). We have the following hypotheses.

o The Null Hypothesis (Hp): The model is perfectly specified. The sequence U con-
sists of independent and identically distributed (idd.) variables drawn from U(0, 1).

o The Alternative Hypothesis (H;): The data has a hidden temporal structure (e.g.,
a Markov dependency). The sequence U is stationary and ergodic, but not inde-
pendent. Therefore, the true conditional density g(u; | ui,...,us—1) is not equal to
the marginal density q(u:).

For the prequential test martingale My = Hi\; 1 fi(ug), the betting function f; is param-
eterised by the exact, ordered history u«; = (u1,...,us—1). Now, the optimal bet f; that
maximises log-growth is the true density ratio between H; and Hy. Since the Hy density is
1 (Uniform), the optimal bet is exactly the true conditional density: f;(u:) = q(us | u<y).
The maximum expected log-growth rate per step is the conditional KL divergence:

Whreq = B, [log q(ug | u<y) = —h(ug [ug, ... up—1],
where h is the negative conditional differential entropy function.

For the conformal test martingale M}{}mf = Hi\;l g:(pt), the input sequence p1,po,... is
generated by applying a non-conformity measure and an empirical rank transformation
(see (7)). Let this deterministic transformation be denoted as a function C, such that the
conformal p-value is ps = Cy(ug, {u1,...,us—1}). Because the bag is an unordered multiset,
the chronological filtration is destroyed. The conformal betting function g; can only be
parameterised by the transformed sequence p<; = (p1,...,pt—1). The maximum expected
log-growth rate for the conformal martingale is similarly bound by the entropy of this
transformed sequence:

Wconf = _h(pt ‘ P1y--- 7pt71)~

We next show that Wy.eq > Weons when a temporal dependency exists. Because a temporal
dependency exists under H7, knowing the exact chronological order of the past reduces the
uncertainty of the next observation. Therefore, the conditional entropy is strictly less than
the marginal entropy:

h(ue [urs. . up—1) < h(ue).

The conformal transformation C acts as a deterministic channel that maps the ordered
sequence (uq,...,u:) to p;. By definition, mapping an ordered sequence into an unordered
multiset is a many-to-one mapping so it is a lossy compression. The Data Processing
Inequality (DPI) states that post-processing cannot increase information. If X - Y — Z
forms a Markov chain, then the mutual information I(X;Y) > I(X; Z). In our setup, the
true temporal signal exists in the chronological sequence U. The conformal sequence is
a post-processed derivation of U. Therefore, the conformal p-values cannot contain more
information about the underlying generative process than the raw prequential variables:

I(p;p<t) < I(ug; ucy).

Because the mutual information (the predictable signal) is strictly bounded, the conditional
entropy of the conformal sequence must be greater than or equal to the conditional entropy
of the prequential sequence

h(Pt | j)1571) > h(Ut | :}thl)-

Substituting this into the log-growth equations yields Wpreq > Weont- O

A.4 The Possible Failure Modes of CTW

There are three possible failure modes for a predictive model: wrong marginal, wrong con-
ditional, or non-stationarity. We now examine how these can occur in a CTW model.
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Static Misspecification (Wrong Marginal): This is the scenario where the true data-
generating process is stable and the depth of the CTW is adequate to model any temporal
dependencies in the underlying process but somehow the predictive next-symbol marginal
distribution is wrong. Fortunately, this scenario is actually only possible in a small-sample
scenario, because of how CTW’s weighting and estimation procedures work. First of all,
since the Jeffreys prior in the KT estimator essentially adds half a count to every possible
symbol, the KT estimator has a bias to pull predictions away from 0 or 1 toward 0.5 when
the data size is small. Another source of bias in CTW is that it does not use the best PST
for its prediction but computes a weighted average of the predictive probabilities of all the
PSTs of a certain maximum depth. This weighting mechanism can cause the predictive
marginal to be incorrectly estimated when there is only a small data sample to learn from.

Temporal Dependency (Wrong Conditional): In this scenario, the CTW model’s
marginal calibration is fine, but the model misses a sequential pattern (e.g., a Markov
dependency, or a hidden cyclic state). This can certainly occur when the depth of the CTW
is not long enough to represent the sequential pattern in the underlying data-generating
process. CTW has a fixed maximum depth D. If a context tree has depth 8, but the data
has a dependency of length 12 (like a long period or a specific structural repeat), then to the
CTW, the data looks like random noise because it cannot see the context. In that scenario,
it will output a flat, high-entropy distribution. Because the pattern is actually there, the wu;
sequence will not be independent; it will be autocorrelated.

Distribution Shift (Break in Exchangeability) This is the scenario where the data-
generating process changes abruptly over time. CTW is a cumulative learner and, in its
standard form, never forgets old data. If the data source undergoes a regime shift (e.g., the
probability of 1 moves from 0.1 to 0.9), the CTW will need a long time for the new data to
offset the old counts that are no longer accurate. In particular, during this transition, the
CTW will consistently under-predict 1s and the u; values will clump toward the high end.

The above provides the motivation for using a variety of betting functions when constructing
the test martingale. If the goal is just to detect the existence of model misspecification issues,
the various betting functions can be combined into a mixture function that can provide
large coverage. The Aggregating Algorithm [16] can be used to compute such mixture
e-martingales efficiently, as shown in the Composite Jumper Martingale algorithm in [47,
Chap 10]. However, if the goal is not just detection but also include diagnosis, then the
various betting functions should be used in multiple martingales that are run in parallel.

B An Active Recalibration Algorithm

Algorithm 1 leverages the misspecification detection and diagnostic techniques developed in
section 3.1 to actively correct misspecification in CTW. It functions by tracking the growth
of the cumulative redundancy (a notion introduced in Proposition 6, which allows us to
detect misspecification) of a given CTW Cp, as the depth D is restricted. In particular,
the cumulative redundancy of Cp, Cp_1, Cp_2 on an observed sequence x is computed,
the decision to extend the depth—and hence correct misspecification—is made on this ba-
sis. Exactly how this is to be accomplished, and the exact justification of this procedure
comprises the bulk of this section. We now detail the justification of Algorithm 2, beginning
with a few preliminaries.

Definition 2 (n-Markov Rules). Let k : B" — B be a transition function such that given
an initial seed s € B", the function k constructs an infinite sequence z € B*° by induction.
If k satisfies the following recurrence relation:

i = k(Ti—n,...,xi—1) fori>n,

then the function & is considered an n-Markov rule. The collection of all such n-Markov
rules we denote K, and define K,, := {k : B" — B}.

We note a slight ambiguity in stating that an n-Markov rule k constructs an infinite sequence
x. Strictly speaking, the sequence depends on both & and the seed s. In general, different
seeds may lead to different infinite sequences. However, since the seed affects only the initial
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n symbols, and all results below concern finite-prefix probabilities or asymptotic behaviour
in m, this dependence will be suppressed in the notation.

Definition 3 (Induced Markov Measure). Each k € K,, induces a (degenerate) stochastic
process py defined via the conditional probabilities

pr(Ti | w<i) = {

1 if €T; :k(xi_n,...,xi_l)

. for ¢ > n.
0 otherwise, -

This defines a probability measure on finite prefixes via
m
pk(xl:m) = 1{371:71 = S} . H pk(xi ‘ x<i)7
1=n+1
where the first n bits are fixed by the seed. We denote the collection of all such measures
by
P, = {pk |k€Kn}

Recall that we denote the root conditional probability mass computed by CTW on some bit
x; € B, given some context x<; as, PS(z; | z<;). Recall also that we denote the context-
weighted tree of depth D, as C'p. When used as a parameter, we will—in an abuse of
notation—substitute P for D. No ambiguity results, since the behaviour of the mixture
P is determined by the depth D of the associated CTW C'p. Similarly, and for like reasons,
we substitute P, for n. We now prove a few simple lemmas.

Proposition 6 (Cumulative Redundancy). Let k € K,,, and let 21.,,, be the prefix generated
by k from some seed. Let py € P,, be the induced measure. Then the cumulative redundancy
of P on x1., with respect to py is

m

RD:Pk (xlim) = Z 10g2 (mz ‘ x<l)

i=1
Proof. By definition of cumulative redundancy,

P ( xz | x<z)

Since x1.,, is generated by k, we have pk(xi \ Z<;) =1 for all ¢, hence

1
RD (5[)1 m log —_——
Pk ; 2 Pe (xz | $<1)

m

= Z —logy PS (i | x<i).

i=1
O

Proposition 7 (Expectation of Cumulative Redundancy) Let P, be equipped with the

uniform prior over K,,. For each k € K, let z;.,, (!)  denote the prefix generated by k. Then
the expected cumulative redundancy satisfies

E,.(n || D) = Z Z log, P5 (¥ | 2®)).

keK, i=1

Proof. By definition of expectation under the uniform prior,

En(n || D) = | > Rop, (e

keK,

Since | K,,| = 22" and by Proposition 6,

e/ (k
E,(n || D) = anzz logy P (x| 28y,

keK, i=1
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Proposition 8 (Ensemble Symmetry). Let K, be equipped with the uniform distribution,
and let P, be the induced collection of measures. For a CTW Cp with D < n, we have
1

Ep, [Po(ei = 1] o)) = 5.

Proof. The collection K, is the set of all functions k : B — B satisfying the n-Markov
rule. This set is symmetric under bit-inversion; for every rule k € K,,, there exists a unique
“dual” rule k' € K, such that k¥'(x) =1 — k(z) for all x € B".

Since D < n, the CTW context x~; does not uniquely determine the underlying n-bit state.
Under the uniform distribution over K,,, the induced processes are symmetric with respect
to exchanging 0 and 1.

At each leaf, the KT estimator satisfies Pxr (1 | a,b) = Prr(0 | b, a) so under the symmetric
distribution of counts, we obtain

1
Epn[PKT(l ‘ a, b)] = 5

As the CTW root probability P, is a recursive linear mixture of these symmetric leaf
estimators, the expectation is preserved:

€ 1 € 1
Ep,[Py(zi=1]2)] = 92m Z Pylzi=1]zs) = 9
pEP,

O

Proposition 9 (Structural Lemma). [51] Let Cp be a context tree of depth D and P, the
associated CTW mixture. For any sequence x1.,,, we have

—logy Pi;(xl:m> < Z — log, PKT(-TS) + O(2D>7
seBP

where x5 denotes the subsequence of symbols assigned to context s, and Pxr(xs) is the
Krichevsky-Trofimov probability of that subsequence.

Corollary 10. If the full-depth tree Cp is (asymptotically) the optimal model in the CTW
mixture for the sequence x1.,,, then

—logy PS (21.m) = Z —log, Prer(xs) + O(2P).

seBP

We note, if D < n then full-depth tree Cp is asymptotically the best model. (The argument
is similar to the first part of the proof of Proposition 4.)

We now prove the central lemma of this section; providing bounds on the Expected Cu-
mulative Redundancy E,,(n || D) in the specified and misspecified cases. In an attempt
to thwart possible confusion; we note that the quantity E,,(n || D) is directly related to
the KL-divergence referenced in Theorem 1. However, while the KL-divergence captures
the expected average error per symbol, the E,,(n || D) term captures the expected total
accumulated errors.

Proposition 11 (Expected Redundancy Transition). Let P, be equipped with the uniform
prior over K,. For each k € K, let :nggn denote the prefix generated by k. Then, for large
enough m the expected cumulative redundancy satisfies:

m+ 02 logy(m))  if D<n

E,, D) =
(n ] D) {logQ(m)oQ” itD>n

Proof. In the case that D > n it is a well-known fact that E(n || D) = 2™log,(m) [51];
and this is because the CTW mixture contains every n-Markov model (see also Theorem 1).
Thus, we only provide a proof for the equality in the misspecified case, that is where D < n.
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We establish the result by deriving matching upper and lower bounds for E,,(n || D). We
begin with the equality established in Proposition 7:

1 m
En(n | D)= 5w > > ~log, Pia” | 2))

keK, i=1

:Z% Z —logQP;( (k) |x(k))

by interchange of finite sums.

We first establish a lower bound. By Jensen’s inequality, since — log,(+) is convex,

1
. S —log, Po(e® [ 2%)) > 10g2< LY e <k>)).

kEK, keK,

By Proposition 8, the inner expectation equals 1/2, hence

1 €
92 Z _10g2 Pw(') > 1.

keK,

Summing over 4 yields
E.(n| D) >m.

Since the CTW redundancy bound is an individual-sequence bound, and hence uniform over
(k)

all sequences x_/, applying it to any sequence x1.,, yields

—logy PS (21.m) = m + O(2D log, m),

when the underlying process is not representable at depth D. Since this bound holds uni-
formly over all £ € K,, when D < n, averaging over K, yields

E,.(n || D) < m+ O(2P log, m).

Since E,,(n || D) > m and we have established that E,,(n || D) < m + O(2P log, m), the
desired equality follows from the definition of asymptotic upper bounds

E,.(n || D) = m+ O(2P logy m).
O

We have now established the behaviour of E,,(n | D) both when D < n, and when D > n.
On the strength of Proposition 8, we conjecture that the phase transition between these cases
is sharp occuring at n — D = 2 4+ 1, but application-specific empirical work are required to
exactly determine this. These facts motivate the Active Recalibration Algorithm 2.

Algorithm 2 Detection and Calibration via Redundancy

1: Input : neN

2: Initialise : Cp—3, x =¢, R=0
3:

4: For each new observation x; :

5 T =zxx;

6: Cp.updateCTW(x;) > Optional
7. R =R —logy[P5(x;)]

8: (Cp_y1 = dropLayer(Cp,1)

9:  Cp-_o = dropLayer(Cp, 2)
10 Rl = redun(Cp_1,7)

11: R2 =redun(Cp_s, 1)

12:

13 If R|a;]|ﬂ < Rl‘w‘Rz : > Sub-linearity Check
14: Cp.extend(D + 1)

15:  Else :

16: Cp.extend(D + 1)
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As can be seen, the active calibration algorithm 2 takes as input a learning rate n defined
by the user. It is initialised with a CTW of depth 3, denoted Cp—3, an empty observation
string = ¢, and set the cumulative redundancy R = 0. This initialisation is given for the
sake of completeness, but the body of the algorithm, can be executed on arbitrary initial
values provided that the depth of the CTW is at least three.

We now give an outline in plainterms of the body of the algorithm. With the exception of
extend and dropLayer function — which we deal with separately — the following outline is
sufficient to resolve any ambiguity in the reading of Algorithm 1. Line (5) concatenates the
new observation at time 4, denoted x;, to the cumulative history z. Line (6) updates the
node values of C'p to incorporate the new evidence z;, we note that this line is optional in
the case that C'p has been pre-trained upto convergence (for exact details on how this is
done see [51]). Line (7) updates the redundancy R of Cp with respect to  (see Proposition
6 for details). Lines (8-9) restrict Cp to a tree of depth D — 1 and D — 2 respectively.
Lines (10-11) compute the total redundancy R1, and R2 of the restricted trees Cp_1, and
Cp_o. Based on the linearity check, Lines (13—16) increment the depth of Cp either by 1
or according to the exploratory learning rate n

We now detail the sub-procedures extend, and dropLayer. The extend(n) procedure takes
the CTW Cp initiliased on line (1) and extends the depth D to n, resulting in C,,. Though
this procedure is clear, for the algorithm to function correctly, it is necessary that extend
also train the added nodes, on the history z, and then have the mixtures of non “new” nodes
updated to account for the transformation.

The dropLayer (Cp,n) sub-procedure takes an arbitrary CTW of depth D together with
an integer n and returns the truncated tree Cp_,,. This operation is simple enough, though
in order for the resulting tree to be the CTW of depth D — n on =z, it is necessary that
the following substitution, P} = Pgr, be made for every new leaf node s at depth D —n
i.e., the mixture is assigned the value of the KT-estimator for s. Following this, for every
non-leaf ¢ the mixture P!, must be recomputed to reflect the truncation.

C Additional Experiments

C.1 Distribution Shift

In this experiment, the underlying environment is a Bernoulli distribution with parameter
0.95 for the first 100 time steps, which then switches to a Bernoulli distribution with pa-
rameter 0.05 after time step 100. We use the depth-0 CTW (i.e., the KT estimator) and
the power betting function for k € (0.1, 3.0), evenly spaced. Multiple experimental runs
are done using different random-number generator seeds. The typical behaviour of the two
martingales in log, scale are shown in Figures 4 and 5. As can be seen, the prequential
martingale score drops till around time step 100 as the KT estimator learns the underlying
Bernoulli distribution. The score starts spiking soon after time step 100 when the KT esti-
mator’s predictions start deviating from data drawn from the changed underlying Bernoulli
distribution, and then eventually drops to near zero again as the KT estimator adapts to the
data from the new underlying Bernoulli distribution. The conformal martingale behaves in
a similar manner, but the score starts plateauting a lot faster just before time step 150. This
is because the rank normalisation in the conformal p-value calculation allows the conformal
test to more easily adapt to the new shifted distribution.

C.2 Distribution Shift: Robust Detection

In this experiment, we want to check whether the lower sensitivity of the conformal mar-
tingale can be used to manage false alarms in an environment where occasional noisy data
could be confused with actual distribution shift. The underlying environment is a Bernoulli
distribution with parameter 0.05 for the first 100 time steps, then we have a noisy burst of
1’s for 20 time steps, after which the environment reverts to same Bernoulli with parameter
0.05 till time step 200, and then the environment switches to a Bernoulli with parameter 0.8
after time step 200. Multiple experimental runs are done using different random-number
generator seeds. Figures 6 and 7 shows the typical behaviour of the prequential martin-
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Prequential Martingale on CTW
Kappas [0.1, 3.0] | Auditing both Surprises and Over-confidence
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Figure 4: Prequential martingale scores for KT estimator under environment distribution
shift at step 100

Conformal Martingale on CTW

Kappas [0.1, 3.0] | Auditing both Surprises and Over-confidence
3
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Figure 5: Conformal martingale scores for KT estimator under environment distribution
shift at step 100

gale and conformal martingale with power gambler betting function on a depth-0 CTW. It
looks plausible that a user-defined threshold like that represented by the red dotted lines in

the diagrams can be tuned to minimise false alarms and reduce operator fatigue in actual
applications.

C.3 Inadequate Context Depth

In this experiment, the underlying environment simply repeats the following length-12 se-
quence 110010111000 repeatedly. When we run a depth-12 CTW on the data sequence
using a prequential martingale with a mixture of betting functions of the form (10), we get

something like Fig. 8, which is as expected since the depth-12 CTW can learn the pattern
well.

What happens when we use a CTW with lower depth, say, 37 We conducted multiple
experimental runs using different random-number generator seeds. Fig. 9 shows the typical
behaviour of a prequential martingale using the autocorrelation betting function (10) for
s € (4,11). As observed, the martingale scores did not pick up any surprises. However,
adding the betting function for s = 12 to the mix yields Fig. 10, which detects that the
depth-3 CTW is indeed misspecified because the u; values are not independent since every
pair (ug, us—12) of values are correlated. Also, for a sanity check on Proposition 4, Fig. 11
shows that the inadequate context depth issue is not picked up by a prequential martingale
with power gambler function, as expected.
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Prequential Martingale on CTW
Kappas [0.1, 3.0] | Auditing both Surprises and Over-confidence
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Figure 6: Prequential martingale scores for KT estimator under environment distribution
shift at step 100

Conformal Martingale on CTW
Kappas [0.1, 3.0] | Auditing both Surprises and Over-confidence
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Figure 7: Conformal martingale scores for KT estimator under environment distribution
shift at step 100

Martingale on Depth-12 CTW with Autocorrelated Betting Function
Auditing for periodicity of 12 in data sequence
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Figure 8: Scores for a prequential martingale using a range of betting functions on a depth-
12 CTW learning on a data stream with periodicity 12
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Prequential Martingale on Depth-3 CTW with Autocorrelated Betting Function

Auditing for periodicities of 4 to 11 in data sequence
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Figure 9: Scores for a prequential martingale looking for periodicity patterns of length 4 to
11 on a depth-3 CTW learning on a data stream with periodicity 12

Prequential Martingale on Depth-3 CTW with Autocorrelated Betting Function
Auditing for periodicities of 4 to 12 in data sequence
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Figure 10: Scores for a prequential martingale looking for periodicity patterns of length 4
to 12 on a depth-3 CTW learning on a data stream with periodicity 12

Prequential Martingale on Depth-3 CTW with Power Gambler Betting Function
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Figure 11: Scores for a prequential martingale with power gambler betting function on a
depth-3 CTW learning on a data stream with periodicity 12
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